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ABSTRACT 

The bell-like ringdown of the gravitational field in the final stage of massive black-hole mergers is now routinely detected on Earth 
by the latest generation of gravitational-wave detectors. Its spectrum is interpreted as a sum of damped sinusoidal vibrations of 
spacetime in the vicinity of the black hole. These so-called quasinormal modes are the subject of extensive current studies, yet their 
physical nature remains elusive. Here, we emulate in the laboratory genuine four-dimensional (3 + 1)D black-hole metrics using 
an effective (2 + 1)D optical metric defined on a two-dimensional curved surface that preserves the features of light-like geodesics. 
We analytically compute the quasinormal modes of the optical cavity and show that, in addition to conventional whispering- 
gallery modes (WGMs) supported near the cavity boundary, a new family of modes is confined around the photon sphere, the 
unstable region where spacetime curvature traps light in circular orbits. By 3D-printing non-Euclidean dye-doped microcavities, 
we demonstrate lasing in both WGMs and photon-sphere modes, with the latter exhibiting spatial profiles in close agreement with 
analytical predictions. These results place our system within the broader framework of analogue-gravity experiments, providing a 
complementary photonic platform to investigate black-hole photon-sphere physics under tabletop conditions and inspiring new 

approaches to microcavity photonics. 
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 Introduction 

he merger of binary black holes (BHs) releases a tremendous
mount of energy into the universe as gravitational waves,
irst detected in 2015 by the LIGO/VIRGO collaboration [ 1–
 ]. Their spectral signature has provided the opportunity to
est general relativity and to indirectly estimate the mass and
ngular momentum of the BH [ 4 ]. The complex frequencies that
ompose the ringdown spectrum observed at the last stage of BH
erger, commonly described by BH perturbation theory [ 5, 6 ],
ould correspond to quasinormal modes intuitively interpreted
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as damped oscillations of the spacetime, confined around the
photon sphere (PS) of the BH [ 5, 7, 8 ]. The PS is a spherical region
outside the BH, where spacetime is so extremely warped that light
trajectories bend and get trapped in a circular orbit around the
BH. Orbiting light rays with impact parameters slightly departing
from the photon capture radius [ 9 ] will either get bent away from
or engulfed into the BH. The instability of this classical circular
orbit raises a fundamental question: If this region is unstable, why
should a gravitational mode be localized or “scarred” around it?
This challenge calls for a more precise characterization of these
damped modes, including their spatial distribution. 
owledgment and Supporting file.] 
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 articles are governed by the applicable C
reati
n a controlled laboratory environment, analogue models of
ravity provide a powerful route to investigate curved spacetime
hysics and track down PS dynamics. Following Unruh’s seminal
roposal of an acoustic black hole in a moving fluid [ 10 ], a
ide variety of platforms have been developed in which effective
etrics emulate horizons and cosmological backgrounds; see
ef. [ 11 ] for a review. Experiments in fluids, Bose–Einstein con-
ensates, and nonlinear optical media have reported laboratory
nalogs of rotational superradiance [ 12 ], Hawking radiation [ 13 ],
he Unruh effect [ 14 ], quasinormal ringing [ 15 ] and cosmological
xpansion [ 16 ]. Among optical realizations, fiber-based systems
ave demonstrated effective event horizons for light pulses, as
n the fiber–optical analogue of the event horizon reported in
ef. [ 17 ]. For instance, artificial optical materials have been used
o achieve light bending [ 18 ], wavefront shaping [ 19 ] and optical
rapping [ 20 ], with the index profiles derived from carefully
ngineered metrics [ 21 ]. 

omplementary to these horizon-based analogue systems,
nother table-top analogue model of gravitational fields consists
f a 2D curved surface embedded in 3D Euclidean space [ 22,
3 ], which is derived by considering a fixed time coordinate
n the four-dimensional (3 + 1)D curved spacetime. Based on
his purely spatial projection, various optical phenomena have
een investigated both theoretically and experimentally [ 24–33 ].
owever, removing the time coordinate by setting time as a
onstant does not preserve the null geodesics in the original
3 + 1)D black hole spacetime. This calls for a more faithful
rojection that conserves the Fermat principle of least time. 

n this work, we address this question using the Fermat
etric, establishing a rigorous analogy between the (3 + 1)D
chwarzschild spacetime metric and an effective (2 + 1)D metric
n a 2D curved surface that faithfully preserves the original
D light-like geodesics. From there, we design the 2D sur-
ace of revolution associated with the non-rotational uncharged
chwarzschild black hole. Because scalar fields in curved space-
ime and electromagnetic fields on curved surfaces share the
ame equation, namely the Klein–Gordon equation, it is possible
o mimic the quasinormal modes of ringing BHs on curved
ptical microcavities within a controllable photonic platform.
ere, the term quasinormal modes is used in the standard
pen-cavity optics sense to denote resonant modes of a leaky, non-
ermitian system, while maintaining a close structural analogy
ith the quasinormal modes strictly defined in general relativity
y complex frequencies and outgoing boundary conditions. 

n microcavities and microlasers, resonant modes have their
ackbone along periodic orbits. A famed instance is the
hispering-gallery modes (WGMs), whose ray counterparts
ndergo polygonal orbits by total internal reflection along the cir-
ular boundary. Recently, Song et al. constructed non-Euclidean
icrolaser cavities on a Möbius strip and experimentally demon-
trated that modes are only sustained on periodic orbits [ 34 ]. In
hese cases, light is confined in the cavity through total internal
eflection, with the underlying periodic ray orbit necessarily
olliding on the boundary. 

ere we show that in non-Euclidean geometry, the spatial
urvature may provide a radically different confining mechanism
ased on an effective “surface potential” [ 35 ], which can possibly
of 12
trap light without involvement of outer boundaries. High-Q bottle
micro-resonators based on this concept have been demonstrated
on optical glass fiber, with modes localizing on a bulge area [ 36 ].
In this example, however, the effective potential is attractive and
the corresponding orbits are stable. This contrasts with the a
priori repulsive potential induced by curved spacetime of BHs. 

We develop an analytic approach to identify the quasinormal
modes of BHs optical analogue. We demonstrate the existence of
a new family of modes, alongside the well-known WGMs, which
are confined near the photon sphere. Their spectral and spatial
characteristics along the photon ring are unveiled analytically
and confirmed through finite difference time domain (FDTD)
simulations. Schwarzschild laser microcavities are fabricated
using 3D direct laser writing in dye-doped resin. Lasing at the
PS is demonstrated. Selective pumping is employed to distinguish
between PS modes (PSMs) and WGMs and to map their radial
profiles, in excellent agreement with the theoretical prediction.
This black hole analogue laser paves the way for designing new
types of laser microcavities based on non-Euclidean surfaces and
potential trapping, inspired by celestial objects. 

2 Theoretical Predictions 

2.1 The Photon Sphere and Its Stability 

The curved spacetime in the vicinity of a spherically symmetric
BH can be mathematically depicted by the line element 𝑑 𝑠2 ≡
𝑔𝜇𝜈𝑑 𝑥

𝜇𝑑 𝑥𝜈 in Schwarzschild coordinates ( 𝑡, 𝜌, 𝜃, 𝜑) as 

𝑑 𝑠2 = − 𝑓 ( 𝜌) 𝑐2 𝑑𝑡2 + 𝑓− 1 ( 𝜌) 𝑑 𝜌2 + 𝜌2 𝑑 𝜃2 + 𝜌2 sin 
2 
𝜃𝑑 𝜑2 . (1)

We consider the Schwarzschild metric, with 

𝑓( 𝜌) = 1 −
𝑟𝑠 
𝜌
. (2)

As the simplest spacetime containing a BH, its electric charge,
angular momentum and cosmological constant are all vanishing,
and its radius 𝑟𝑠 is determined merely by its mass. 

Here, we use the Fermat metric, obtained from the Schwarzschild
spacetime in Equation ( 1 ) by a conformal transformation, to
reduce the problem to an effective (2 + 1)D geometry while
preserving the null geodesics. In the equatorial plane 𝜃 = 𝜋∕2 ,
the associated Fermat metric reads 𝑑 𝑠2 F = − 𝑐2 𝑑 𝑡2 + 𝑓− 2 ( 𝜌) 𝑑 𝜌2 +
𝜌2 𝑓− 1 ( 𝜌) 𝑑𝜑2 . Since the time direction is flat and all Christoffel
symbols with a time index vanish, the spatial trajectories of null
geodesics are governed by its spatial part, 

𝑑 𝑠2 F = 𝑓− 2 ( 𝜌) 𝑑 𝜌2 + 𝜌2 𝑓− 1 ( 𝜌) 𝑑 𝜑2 . (3)

This two–dimensional Fermat metric is the one we imple-
ment optically. It is equivalent to the metric of a surface of
revolution 𝐫( 𝜌, 𝜑 ) = [ 𝑅( 𝜌) cos 𝜑 , 𝑅( 𝜌) sin 𝜑 , 𝐻( 𝜌)] embedded in
the 3D Euclidean space, whose first fundamental form has
coefficients 𝐸( 𝜌) = 𝑅′2 ( 𝜌) + 𝐻′2 ( 𝜌) and 𝐺( 𝜌) = 𝑅2 ( 𝜌) . Identifying
𝐸( 𝜌) = 𝑓− 2 ( 𝜌) and 𝐺( 𝜌) = 𝜌2 𝑓− 1 ( 𝜌) ensures that Equation ( 3 )
coincides with the induced metric on this surface (see Section II,
Supporting Information). The Fermat metric ensures that the
Advanced Science, 2026
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FIGURE 1 (a) Artist view of a black hole (black sphere) and its Gaussian curvature 𝐾 (bottom surface), which is always negative and becomes 
nearly zero at very large distances from the black hole. The spherical mesh materializes the position of its photon sphere. The red line represents a 
light trajectory trapped on the photon sphere, while trajectories that deviate from it are either absorbed (yellow) or deflected and escape (purple). (b) 
analogue curved surface of a Schwarzschild black hole with reduced dimensionality, featuring coordinates 𝜌 and 𝜑 along the longitudinal and azimuthal 
directions, respectively. Various trajectories are shown, with the blue solid line (and blue arrows) representing the photon ring orbit. (c) Poincaré surface 
of section of truncated Schwarzschild surface, where lines correspond to trajectories with same color as in (b). The photon sphere trajectory is marked 
by the blue star. (d) SEM image of the optical microcavity analogue fabricated by direct laser writing. (e,f) Different optical images of the BH microcavity 
when uniformly pumped. The microcavity is resting on a glass slide and the recorded image includes both the main object and its reflection. 
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 articles are governed by the applicable C
rea
ermat principle is also satisfied in the effective (2 + 1)D Fermat
pacetime and that the spatial projections of null geodesics are
reserved in the projection process (a detailed derivation can be
ound in Ref. [ 41 ]). In contrast, the traditional approach of assum-
ng constant time [ 24–27 ] fails to reproduce the 4D geodesics. 

rom there, we construct the corresponding 2D surface of revolu-
ion derived from the Schwarzschild metric. Figure 1b illustrates
he hyperboloid-like representation of the Schwarzschild black
ole — hereafter referred to as the “Schwarzschild surface.”
For further details on the construction of this curved surface,
ee Section II, Supporting Information). The lower boundary is
onceptually associated with the event horizon at 𝜌 = 𝑟𝑠 [ 42 ].
owever, in the surface-of-revolution construction the metric
oefficient 𝐺( 𝜌) = 𝑅2 ( 𝜌) = 𝜌2 ∕𝑓( 𝜌) diverges as 𝜌 → 𝑟𝑠 ; as a conse-
uence, the height of the curved surface ceases to be real. In this
ork, we therefore truncate the surface at a finite radius 𝜌𝐵1 =
 . 125 𝑟𝑠 (see Section II, Supporting Information, for details).
n outer truncation at 𝜌𝐵2 is introduced such that the upper
oundary is parallel to the lower boundary, preserving rotational
ymmetry and producing a finite non-Euclidean cavity [ 43 ].
n this work, we fabricate microlasers with this Schwarzschild
urface geometry by 3D direct laser writing in a dye-doped resin,
s shown in Figure 1d . 

he counterparts of the PS on a curved surface meet the condition
btained from the null or light-like geodesic equations (see
ection I, Supporting Information, for more details) 

𝜌

2 

𝑑𝑓( 𝜌) 

𝑑𝜌
− 𝑓( 𝜌) = 0 . (4)

rom Equation ( 4 ), one finds that the Schwarzschild surface
as one unique circular periodic orbit located exactly at its
dvanced Science, 2026
waist (see blue arrows in Figure 1b ). On a surface of revolu-
tion 𝐫( 𝜌, 𝜑 ) = ( 𝑅( 𝜌) cos 𝜑 , 𝑅( 𝜌) sin 𝜑 , 𝐻( 𝜌)) , where 𝑅( 𝜌) denotes
the distance to the rotation axis of the embedded surface in
Figure 1b , a circular geodesic at fixed 𝜌 satisfies Γ𝜌

𝜑𝜑 = 0 , which
is equivalent to 𝑅′( 𝜌) = 0 , i.e., the orbit lies at the waist of the
surface. Using 𝑓( 𝜌) = 1 − 𝑟𝑠 ∕𝜌 in Equation ( 2 ), this condition
yields the well-known photon-sphere radius 𝜌PS =

3 

2 
𝑟𝑠 . Thus

the Schwarzschild surface has a unique circular periodic orbit
located exactly at its waist (see blue arrows in Figure 1b ),
which corresponds to the photon sphere of the Schwarzschild
black hole. 

In principle, the stability of closed geodesics on a curved surface
is quantified by the Jacobi equation associated with Gaussian
curvature, which measures the evolution of the distance between
two initially close trajectories, 

𝑑2 𝜁( 𝑠) 

𝑑 𝑠2 
+ 𝐾 ( 𝑠) 𝜁( 𝑠) = 0 . (5)

This means that the geodesic distance 𝜁( 𝑠) between two trajec-
tories oscillates when the Gaussian curvature of the surface 𝐾
is positive, while it diverges when 𝐾 is negative. In Section II
(Supporting Information), we demonstrate that the Gaussian
curvature of a Schwarzschild surface is negative throughout the
exterior region 𝜌 > 𝑟𝑠 , which is the region implemented here. This
is also illustrated in Figure 1a by the blue surface below the BH.
Its PS orbit is therefore unstable. Its instability is also reflected
in the Poincaré surface of section [ 21 ] shown in Figure 1c . In the
Poincaré section, the vertical axis corresponds to the canonical
momentum 𝑝 conjugate to the angular coordinate 𝜑, rather than
to sin 𝜒 as in conventional billiard plots. Consequently, 𝑝 is not
restricted to the interval [ − 1 , 1] and takes values of order unity
(see Figure 1c ). 
3 of 12
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 articles are governed by the applicable C
re
.2 The Wave Equation in the Schwarzschild 

urface 

n the ringdown stage, the evolution of a scalar perturbation Ψ
n a black hole background is described by the wave equation (or
assless Klein–Gordon equation [ 44 ]) 

□Ψ ≡ 1 √
𝑔 
𝜕𝜇
(√

𝑔 𝑔𝜇𝜈𝜕𝜈Ψ
)
= 0 , (6)

here □ is the d’Alembert operator, 𝑔 = det 
(
𝑔𝜇𝜈

)
, 𝑔𝜇𝜈 =

(
𝐠− 1 

)
𝜇𝜈

s the element of the inverse matrix of the original metric.
nterestingly, this equation also describes the propagation of
lectromagnetic waves constrained on a 2D curved surface, i.e.,
 (2 + 1)D spacetime, with the curved surface itself embedded in
he 3D Euclidean space [ 22 ]. The equivalence between these wave
quations forms the basis for the analogy between gravitational
aves and light waves on curved surfaces. In optics, this can be
ccomplished by confining light within a thin, curved waveguide,
hich can be fabricated using direct laser writing technology, as
emonstrated later in this article. 

.3 Existence of Photon Sphere Modes 

sing this analogy, we will now analytically compute the
igenmodes on Schwarzschild surfaces, which serve as the 2D
ounterparts of modes from actual black holes. 

hanks to the rotational symmetry of the surface of revolution
efined in Equation ( 3 ), we can write the ansatz 

Ψ = 𝜌
− 1 

2 

( 

1 −
𝑟𝑠 
𝜌

) − 1 

4 

𝜓( 𝜌) 𝑒− 𝑖𝑙𝜑 𝑒𝑖𝑘𝑐𝑡 

o separate variables (see Section III, Supporting Information, for
etails). Here, 𝑙 is the azimuthal quantum number, which has to
e an integer to fulfill the periodic condition Ψ( 𝜑) = Ψ( 𝜑 + 2 𝜋) ,
is the to-be-determined eigen wavenumber, and 𝜓 ( 𝜌) satisfies 

𝑑2 𝜓( 𝜌) 

𝑑𝜌2 
+ 𝑄𝑠 ( 𝜌) 𝜓( 𝜌) = 0 , (7)

here 

𝑄𝑠 ( 𝜌) = 𝑓− 2 ( 𝜌)
[
𝑘2 − 𝑉eff ( 𝜌)

]
, (8)

nd the effective potential is given by 

𝑉eff ( 𝜌) =
( 

𝑙2 + 1 

2 

) ( 

1 

𝜌2 
−

𝑟𝑠 
𝜌3 

) 

− 3 

16 

( 

2 

𝜌
−

𝑟𝑠 
𝜌2 

) 2 

. (9)

quation ( 7 ) takes a form reminiscent of the Schrödinger equa-
ion. 

he eigenmodes of the open Schwarzschild cavity are solutions
f Equation ( 7 ) in a sandwich structure of air-surface-air. For the
urpose of modeling, we assume that the radiation emitted from
he boundary of the Schwarzschild cavity is distributed along
 truncated cone, whose slope is tangent to its generatrix, as
of 12

a

depicted by regions I and III in Figure 2a . This assumption is
intuitive, as the rotational symmetry of the Schwarzschild surface
ensures that radiation follows its longitudes, which form natural
paths in flat space. Additionally, the Gaussian curvature of cones
is zero, similar to flat space. A general cone can be described by
the metric 

𝑑 𝑠2 cone =
(
1 + 𝜅2 

)
𝑑 𝜚2 + 𝜚2 𝑑 𝜑2 , 

where 𝜚 represents the radius of revolution, and 𝜅 denotes the
slope. The eigenfrequency spectrum of the entire system can be
determined by matching the different regions with appropriate
interface conditions. In this work, we focus on transverse mag-
netic modes, where Ψ represents the component of the electric
field perpendicular to the surface at each point. Both Ψ and its
first derivative are continuous across the I-II and II-III interfaces.

We apply the Wentzel–Kramers–Brillouin (WKB) approximation
to solve the Schrödinger-like Equation ( 7 ) [ 45 ]. This method
yields oscillatory solutions when the spatially varying coefficient
𝑄𝑠 ( 𝜌) > 0 (represented by the hatched areas in Figure 2b ) and
produces exponentially decaying or diverging solutions when
𝑄𝑠 ( 𝜌) < 0 . The points where 𝑄𝑠 ( 𝜌) = 0 are known as turning
points, where the WKB approximation breaks down. In such
cases, the modified Airy function method can be employed, as it
effectively handles the behavior at turning points [ 46 ]. The sign
of 𝑄𝑠 ( 𝜌) at any given position 𝜌 is determined by the variable
𝑘. As illustrated in Figure 2b , the effective potential 𝑉eff on the
Schwarzschild surface resembles a hill, with its peak precisely
located at the PS, drawing an analogy with the potential in
quantum mechanical systems. Conversely, in both tangent cones,
𝑉eff decreases as the distance from the I-II and II-III interfaces
increases. It is important to note that our approach follows the
“modes-of-the-universe” framework [ 47 ], where the field is quan-
tized within the Schwarzschild cavity and its tangent truncated
cones. Since energy is conserved throughout the system, the
corresponding wavenumbers 𝑘 are real. This treatment captures
the spatial structure and resonance positions of the open system,
whereas the finite lifetimes of the modes arise from radiation loss
and are quantified numerically and experimentally. 

To begin, we search for eigenmodes where 𝑘2 
> 𝑉

( 𝐼 𝐼 ) 

eff ( 𝜌PS ) , which
corresponds to the case of Figure 2 (b2). In this case, we also
restrict 𝑘2 such that 𝑘2 

< min 
(
𝑉

( 𝐼) 

eff ( 𝜌𝐵1 ) , 𝑉
( 𝐼 𝐼 𝐼 ) 

eff ( 𝜌𝐵2 )
)
, ensuring

the presence of turning points in both Region I and Region III.
Here, 𝜌PS denotes the photon-sphere radius, i.e., the position
of the maximum of 𝑉(II ) 

ef f 
in the central Schwarzschild region,

while 𝜌𝐵1 and 𝜌𝐵2 are the radial coordinates of the inner and
outer truncation boundaries where the Schwarzschild surface
is attached to its tangent cones (boundaries of Region I–II and
Region II–III respectively in Figure 2a ). These turning points
divide each region into a decaying area (toward the interface) and
an oscillatory area (extending toward infinity). As a consequence,
QNMs are more confined between the interfaces, and thus more
promising for experimental demonstration. The wave function in
the cavity (region II) can be written as 

𝜓( 𝐼 𝐼 ) ( 𝜌) = 𝐶2 + 𝜙2 + ( 𝜌) + 𝐶2 − 𝜙2 − ( 𝜌) , (10)
Advanced Science, 2026
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FIGURE 2 (a) Sketch of the truncated Schwarzschild surface (region II, dark blue) and its tangent truncated cones (regions I and III, light blue) at 
each boundary. (b) Effective potential of light on Schwarzschild surface for azimuthal number 𝑙 = 25 . Figures (b1) and (b2) correspond to two different 
values of 𝑘2 , indicated by the horizontal black lines. The purple and green area correspond to the 𝑘2 range of WGMs (b1) and photon sphere modes (b2), 
respectively. The shadow highlights the oscillatory areas of WKB approximation. In (b1), there exist two turning points, denoted by red dots. (c) Log 
of absolute determinant of the matrix in Equation ( 12 ). Quasinormal modes are identified as sharp dips and are divided into two families: whispering 
gallery modes (WGM, purple, low 𝑘𝑟𝑠 values) and photon sphere modes (PSM, green, high 𝑘𝑟𝑠 values). The mode with the lowest 𝑘𝑟𝑠 value of each 
family are highlighted by a star symbol in (c) and plotted in (d–g) figures. (d,f) Mode intensity profile of WGM. (e,g) Mode intensity profile of PSM. Their 
analytical radial intensity profiles (black solid line) highly conform to simulation results (red dashed line) in (e) and (g). 
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here 

𝜙2 ± ( 𝜌) =
[
𝑄

( 𝐼 𝐼 ) 
𝑠 ( 𝜌)

]− 1 

4 
exp 

( 

± 𝑖∫
𝜌

𝜌𝐵1 

√ 

𝑄
( 𝐼 𝐼 ) 
𝑠 ( 𝜌′) 𝑑𝜌′

) 

, (11)

nd 𝐶2 + and 𝐶2 − are to-be-determined constant coefficients. The
titch of the wave function in these three regions, along with to-
e-determined coefficients, can be written in matrix form as (see
he Method section) 

𝐌

⎛ ⎜ ⎜ ⎜ ⎝ 
𝐶1 

𝐶2 + 
𝐶2 − 
𝐶3 

⎞ ⎟ ⎟ ⎟ ⎠ = 0 , (12)

ith 𝐶1 and 𝐶3 being the coefficients in Region I and III of the
vanescent tail outside the cavity. To obtain nontrivial solutions,
he determinant of the matrix must vanish, i.e., det ( 𝐌) = 0 . As
is the only variable in matrix 𝐌 , eigen-wave numbers are the
eros of det ( 𝐌) , represented as sharp dips in Figure 2c . Given a
epresentative 𝑙 = 25 , four solutions are found in the green area
f Figure 2c , associated with modes confined by the effective
otential within the Schwarzschild cavity. In what follows, the
heoretical radial intensity profiles plotted in Figure 2f,g are
efined as 𝐼( 𝜌) ∝ |Ψ( 𝜌) |2 = 𝜌− 1 𝑓( 𝜌)− 1∕2 |𝜓( 𝜌) |2 , where Ψ is the
hysical field on the Schwarzschild surface and 𝑓( 𝜌) is given by
quation ( 2 ). For the sake of comparison with simulations, these
rofiles are normalized to their maximum value. The first mode
s shown in Figure 2e,g , with maximum intensity near the PS.
dvanced Science, 2026
We identify this mode as the fundamental PS mode. Indeed, the

envelope of PS modes in Equation ( 11 ) conforms to 
[
𝑄

( 𝐼 𝐼 ) 
𝑠 ( 𝜌)

]− 1 

4 ,
peaking at the PS, while the actual peak of intensity might
deviate from the PS due to the oscillatory term. Higher orders
of PS modes, with faster oscillations, are reported in Figure S2
(Supporting Information). 

For quasinormal modes with frequencies down to
𝑘 ∈

(
max 

(
𝑉

( 𝐼 𝐼 ) 

eff ( 𝜌𝐵1 ) , 𝑉
( 𝐼 𝐼 ) 

eff ( 𝜌𝐵2 )
)
, 𝑉

( 𝐼 𝐼 ) 

eff ( 𝜌PS )
)
, corresponding

to the case of Figure 2 (b1), two turning points appear in the
Schwarzschild cavity, dividing region II into three areas. PS
modes can no longer be sustained as the PS falls within the
decaying area. Instead, oscillating areas are situated near the two
boundaries, yielding the corresponding quasinormal modes akin
to WGMs. A typical WGM solution of Equation ( 10 ) is shown in
Figure 2d,f for comparison. We show in Figure S3 (Supporting
Information) the wave functions of all five WGM solutions found
in the purple region of Figure 2c . 

2.4 Numerical Simulations of Quasi-Normal 
Modes 

To test our theoretical prediction, we perform finite difference
time domain (FDTD) simulations and numerically exhibit the
eigenmodes in the Schwarzschild cavity. As full-wave simulations
on the curved surface embedded in 3D Euclidean space can be
computationally expensive, here we implement the simulations
5 of 12
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FIGURE 3 (a) Numerical spectrum. Four families of quasinormal modes, including the fundamental unstable photon sphere mode (UPSM) and 
three WGMs, are identified from (a). (b) Frequencies and (c) Q factors of all the identified modes in (a) with different angular numbers. (d1–d4) illustrate 
the typical intensity distribution of these modes. The color maps show |𝐸𝑧 ( 𝑥, 𝑦) |2 in the conformally transformed 2D plane, where ( 𝑥, 𝑦) are Cartesian 
coordinates in units of 𝜇m . The PS orbit, mapped to this plane, is indicated by a dashed white circle. Each panel corresponds to the same mode highlighted 
in (b,c), so that the corresponding azimuthal number 𝑙 is given by the abscissa of the marked point in those plots. 
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n its conformally transformed gradient-index plane [ 50 ]. Thus
he Schwarzschild cavity is represented by a disk of radius 5 𝜇m
n Cartesian coordinates ( 𝑥, 𝑦) , with a radially varying discretized
ndex of refraction. Perfectly matched layers (PML) surround the
imulated area, acting as the open boundary at the interface
I-III. A TM-polarized pulse with central frequency 210 THz
corresponding to wavelength 1.4 μm ) and pulse length 30 fs
s applied, and the temporal evolution of the electric field is
ecorded at different positions. The 2D simulations are performed
y the Ansys Lumerical FDTD software. 

y Fourier transforming the sum of all collected time signals,
e obtain the power spectrum in Figure 3a . Spectral peaks
orrespond to resonances of the structure, of which the intensity
istribution can be computed. Intensity distribution of four
ypical quasinormal modes are shown in Figure 3b . Different
amilies of modes are identified from their intensity distribu-
ion, corresponding to PS modes when peaked near the waist
Figure 3(b1) ], and WGMs when confined near the system
oundaries, [Figure 3(b2) ]. The radial intensity distribution can
e extracted and compared with theoretical calculations, as
llustrated in Figure 2f,g . The radial intensity distribution can be
xtracted and compared with the theoretical profiles illustrated in
igure 2f,g . In the FDTD simulations, the intensity is computed
s |𝐸𝑧 ( 𝑥, 𝑦) |2 on the conformally transformed 2D plane. For each
ode, we then extract a radial line profile along the azimuthal
irection where the intensity on the orbit attains its maximum.
ecause the modes are periodic in 𝜑, this cut is representative,
nd the resulting radial dependence is denoted 𝐼( 𝜌) , directly
omparable to the theoretical intensity |Ψ( 𝜌) |2 . The simulated
ntensity profiles, represented by red dashed lines, show a high
egree of consistency with the analytical results, providing strong
alidation for the theoretical predictions. 
of 12
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The resonance frequencies of all modes [ 48 ] in Figure 3a are
plotted in Figure 3b as a function of their azimuthal number,
𝑙, found from the intensity spatial distribution of each of these
modes. For the relatively large azimuthal numbers considered
here ( 24 ≤ 𝑙 ≤ 34 ), different families of modes, including higher-
order WGMs, exhibit an approximately linear dependence on 𝑙, as
expected from the azimuthal quantization condition 𝑙 ≈ 𝑛eff 𝑘𝑅eff 

( 𝑛eff is the effective refractive index and 𝑅eff the effective radius
experienced by the mode.) 

Finally, we are able to extract the quality factor, 𝑄 = 𝜔0 ∕Δ𝜔,
of each mode by fitting each spectral peak in Figure 3a with a
Lorentzian function [ 51, 52 ], which provides direct access to the
imaginary part of the complex resonance frequency associated
with radiative losses. The Q factors for different families of
modes are shown in Figure 3c as a function of their azimuthal
number, 𝑙. The Q factors of the PS mode family are lower than
those of the first-order WGM. This difference arises because
WGMs are strongly confined near the outer boundary by total
internal reflection, whereas the potential-induced confinement
of PSMs does not fully suppress their radiation loss from the
truncated structure, as shown in Figure 3(b1) . Nevertheless, the
Q factors of PS modes are comparable to or even exceed those of
higher-order WGMs (Figure 3c ), highlighting the effectiveness of
curvature-induced light confinement in the propagation layer. 

3 Experimental Demonstration 

We now proceed to experimentally validate our theoretical pre-
dictions on the existence of modes at the PS. The Schwarzschild
surface is fabricated using advanced 3D direct laser writing,
utilizing Nanoscribe’s two-photon polymerization technology.
Advanced Science, 2026
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 articles are governed by the applicable C
iven the relatively short-lived nature of the predicted optical
uasinormal modes, we propose investigating the corresponding
asing modes in a dye-doped organic structure. This approach
ould help mitigate the losses and leverage the gain to selectively
mplify the modes of the passive system. A SEM image of the
abricated curved-surface microcavity laser is shown in Figure 1d .
he fabrication process, the sample details and the experimental
etup are described in the Method section. 

.1 Experimental Evidence of Photon Sphere 
odes 

ith their high Q-factor, WGMs are anticipated to dominate
he emission spectrum, as they have a lower lasing threshold
han PS modes. To enhance the likelihood of observing PS lasing
odes, we propose to pump the microcavity locally, near the PS,
way from the edges where WGMs are predominantly confined.
elective pumping has been proposed earlier to selectively excite
asing modes and achieve single mode lasing in random lasers
 53 ]. The pump intensity profile of a frequency-doubled Q-
witched Nd:YAG laser at 532 nm is shaped by reflection on a
patial light modulator into a 4 𝜇m -wide and 95 𝜇m -long narrow
tripe positioned at the waist, as shown in Figure 4a . The top
iew of the structure with the pump stripe aligned along the
aist is shown in the inset of Figure 4b . At sufficiently high
ump energy, multimode laser emission is observed as shown
n Figure 4b . Following the Lomb–Scargle method, we identify
egular spacings between spectral lines in the measured emission
pectrum by fitting sinusoidal modulations as a function of fre-
uency, thereby revealing the optical path length associated with
amilies of cavity modes sharing the same azimuthal number,
s shown in Figure 4c . The group refractive index, 𝑛 = 1 . 56 , is
btained from an independent measurement using a reference
uboid microlaser (see Figure S4 , Supporting Information). Three
istinct peaks are seen in the first group, indicating the pres-
nce of lasing modes associated with three distinct orbits. The
ominant peak corresponds to an optical path length 𝑛𝐿1 = 217
m . Assuming the orbits are circular, we find a corresponding
iameter 𝐷1 = 44.3 𝜇m , which closely matches the waist diameter,
𝑊 

= 44.5 ± 1 𝜇m , providing the first experimental evidence that
 family of modes exists at the photon ring of the optical analogue
f Schwarzschild black hole. The corresponding lasing peaks are
dentified in the emission spectrum of Figure 4b and are indicated
y stars in the figure. They form a comb of equally-spaced lasing
requencies associated with modes with increasing azimuthal
umber, 𝑙, as predicted by the theory (Figure 3c ). PS lasing is
irectly observed under the microscope, as shown in Figure 4d ,
here two lasing spots are seen precisely at the location of
he PS. 

he two additional peaks seen in the Lomb–Scargle periodogram
t 𝑛 𝐿2 = 237 𝜇m and 𝑛 𝐿3 = 268 𝜇m are identified as families of
odes on circular orbits with 𝐷2 = 48 . 4 𝜇m and 𝐷3 = 54 . 7 𝜇m .
hese modes are confined near the sample edges, at 𝐷𝐿 = 48.9 ± 1

m and 𝐷𝑅 = 60.0 ± 1 𝜇m , and are believed to be WGMs. This
s confirmed by moving the pump strip to the positions of these
odes. For instance, Figure 4f,g respectively shows the emission
pectrum and the periodogram when pumping near the position
f orbit 𝐿3 . The position of the pump stripe on the structure is
dvanced Science, 2026

rea
shown in Figure 4e and in the inset of Figure 4f . Only the third
peak at 𝑛 𝐿3 = 268 𝜇m remains in the periodogram, reflecting the
spectral comb of Figure 4f . As anticipated, the lasing spots at
the PS have vanished as can be seen in Figure 4h . Also note
that, irrespective of selective pumping the orbital position 𝐿3 ,
both edges show considerable light emission. This is because, the
excited WGM corresponds to a global orbit circulating around the
structure. Once lasing is established, the modal intensity appears
at both edges, even when only one edge is pumped. When the
pump is moved to other positions, additional WGMs are observed
near the sample edges (not shown), corresponding to higher-
order WGMs, as predicted by theory (see Figure S2 , Supporting
Information). 

In contrast to selective excitation, uniform pumping of the
microcavity laser would be dominated by WGMs. The emission
spectrum with a 50 𝜇m -wide and 95 𝜇m -long rectangular pump
profile (Figure 4i ) is presented in Figure 4j . The corresponding
Lomb–Scargle periodogram (Figure 4k ) reveals a dominant peak
at 268 𝜇m corresponding to the previously identified WGM. The
dominance of this WGM is attributed to its lowest loss. So this
mode reaches threshold first and dominates the spectrum. A
feeble signature of the PS mode and the WGM confined near the
sample edge at 𝐷𝐿 = 48.9 ± 1 is also present. An image of the lasing
microcavity under uniform pumping is shown in Figure 4l (see
also Figure 1e,f ). 

3.2 Photon Sphere Mode Profile Measurement 

We now focus on a specific PS lasing mode that peaks at 580.3
nm and is indicated by the arrow in Figure 4b . The peak
intensity as a function of pump energy is shown in Figure 5b ,
indicating a laser threshold of 180 𝑝𝐽/ 𝜇𝑚2 for this particular
mode. To characterize the spatial distribution of this PS mode
along the sample axis (z-axis), we record the peak intensity at
580.3 nm as we slide the pump stripe across the sample in steps
of 220 nm. Few instances of the scanning process are shown in
Figure 5a . After applying Lucy–Richardson deconvolution, we
obtain the spatial distribution of this particular mode shown in
Figure 5c . The strong confinement observed around the waist
position confirms unequivocally that the trapping mechanism
is driven by the curvature-induced potential rather than by
reflection on the sample edges. The same scanning process is
repeated, but this time, the peak amplitude at 𝑛𝐿1 = 217 𝜇m in
the periodogram of Figure 4c corresponding to the family of PS
modes is plotted against the pump stripe position (Figure 5d ).
This effectively performs a weighted spatial averaging over the
intensity profile of all PS modes. Remarkably, this measurement
aligns closely with our theoretical predictions when PS modes are
calculated for the actual sample dimensions and corresponding
azimuthal number. The azimuthal number 𝑙 in the experiment
can be estimated using the relation 𝜋𝑛 𝐷𝑊 

= 𝑙𝜆, where 𝐷𝑊 

is
the waist diameter. We find that 𝑙 ranges from 371 to 383 for all
lasing modes identified in (Figure 4b ). Considering the average
value, 𝑙 = 377 , we then calculate analytically the corresponding
fundamental PS mode and compare its spatial profile to the
measured one (black line in Figure 5d ): Excellent agreement in
position and spatial extension is obtained between experiment
and theory. 
7 of 12
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FIGURE 4 (a) SEM images of the Schwarzschild black hole microcavity laser resting on a glass plate. The z-axis represents the axis of the surface 
of revolution. The 4 𝜇m -wide and 95 𝜇m -long pump stripe, illustrated by the green rectangle, is placed at the waist to selectively excite the photon sphere 
mode. (b) Emission spectrum of the microstructure when locally pumped near the waist. PS modes are indicated by stars. Inset: top view of the structure 
with the pump stripe at the waist. (c) Lomb–Scargle periodogram of the emission spectrum in (b). Three peaks are identified in the first group at 𝑛𝐿1 = 

217 𝜇m , 𝑛 𝐿2 = 237 𝜇m , and 𝑛 𝐿3 = 268 𝜇m . (d) Direct observation of the black hole analogue laser emission (the pump wavelength is blocked by a notch 
filter). Yellow arrows point to the PS lasing mode at the waist. (e) Selective excitation of the WGM confined near the sample edge. (f) Emission spectrum 

of the laser microcavity when selectively pumped near the WGM location close to the sample edge. Inset: the pump stripe’s position. (g) Lomb-Scargle 
periodogram of the emission spectrum in (f). Only the peak at 𝑛𝐿3 = 268 remains. (h) Direct observation of the WGM laser emission. Emission at the 
waist has disappeared. (i) Uniform pumping of the microcavity laser with a 50 𝜇m -wide and 95 𝜇m -long rectangular pump profile. (j) Emission spectrum 

of the microstructure when uniformly pumped. The inset shows the top view of the structure. (k) Lomb–Scargle periodogram of the emission spectrum 

in (j), identifying a dominant peak at 𝑛 𝐿3 = 268 𝜇m along with a feeble signature of the PS modes family and the WGMs confined near the left sample 
edge. (l) Direct observation of lasing microcavity under uniform pumping. 
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 Conclusion 

o summarize, we have proposed a dimensionality-reduced opti-
al analogue of a 4D Schwarzschild black hole, which genuinely
reserves its light-like geodesics and shares with it the same
overning equations. Our analytical investigation, supported by
umerical simulations, predicts the existence of modes at the
S of the optical Schwarzschild surface, and we compute their
pectral and spatial characteristics. These QNMs, responsible for
ravitational radiation in the universe, are visualized here for
he first time in 3D-printed Schwarzschild laser microcavities.
elective pumping allows us to discriminate between curvature-
nduced potential-confined PS modes and cavity-trapped WGMs.
hese modes are confined due to spatial curvature, rather than
of 12

i

cavity boundaries, offering new insights into mode confine-
ment mechanisms. 

Since the metric in Equation ( 1 ) can take different forms,
such as by introducing a non-zero cosmological constant, the
quantity and position of PSs can be engineered. This paves
the way for designing optical cavities and laser devices with
novel functionalities. 

We believe that black hole analogs, like the one we introduced,
can shed new light on current questions in gravitational physics.
In particular, perturbations near the event horizon offer a way
to test Einstein’s theory of general relativity. Here, we present
the spatial distribution of the wavefunction, which can be crucial
Advanced Science, 2026
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FIGURE 5 (a) Scanning of the pump stripe along the axis of the surface of revolution (z-axis). Few instances of the scanning process. (b) Laser 
characteristic of the PS lasing mode at 580.3 nm under selective pumping. (c) Spatial intensity distribution of the PS mode, derived from the emission 
spectrum at 580.3 nm (indicated by the arrow in Figure 4b ), as the pump stripe is scanned along the z-axis. (d) Amplitude of the peak at 𝑛𝐿1 = 217 
𝜇m (corresponding to PS modes) in the Lomb–Scargle periodogram of Figure 4c as the pump stripe is scanned along the z-axis (blue symbols). The 
experimental data are compared to the theoretical prediction of the spatial intensity profile of the PS modes with azimuthal number 𝑙 = 377 (black line). 
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rea
or investigating mode stability [ 54, 55 ]. The stability of the
btained quasinormal mode spectrum can be further examined
sing methods such as the pseudospectrum approach [ 54 ], which
s relevant to gravitational-wave analysis [ 56 ] and could help
n detecting fundamental modes and overtones [ 57, 58 ]. The
nalogue model discussed in this work may facilitate the study of
 wide range of celestial events and phenomena, including black
ole spectroscopy [ 59 ], Lyapunov exponents [ 60 ], wave dynamics,
awking radiation, superradiance, and black hole evaporation

 61 ]. These analogue systems also provide physical testbeds for
xploring ideas like gravitational wave echoes [ 62 ], whose time-
elayed signatures can be designed and observed by constructing
he trapping cavity formed between a photon sphere and a
eflective inner surface. In the future, such an approach could
ead to studies of backreaction and nonlinear QNM interactions
 63–67 ]. 

 Methods 

.1 Derivation of Coefficient Matrix M 

lements of matrix M are wave functions of each region at the
oundaries. In Region I and III, as the turning points are far
nough from the boundaries, the field decays to a negligible
mplitude before reaching the oscillatory region. Therefore we
rite the wave functions in the decaying areas as 

𝜙( 𝐼) ( 𝜌) = 𝐶1 𝜙1 − ( 𝜌) , 𝜙
( 𝐼 𝐼 𝐼 ) ( 𝜌) = 𝐶3 𝜙3 − ( 𝜌) , (13)
dvanced Science, 2026

ti
where 𝐶1 and 𝐶3 are to-be-determined coefficients, 

𝜙1 − ( 𝜌) =
[
𝑄

( 𝐼) 
𝑠 ( 𝜌)

]− 1 

4 
exp 

( 

∫
𝜌

𝜌𝐵1 

√ 

− 𝑄
( 𝐼) 
𝑠 ( 𝜌′) 𝑑𝜌′

) 

, (14)

𝜙3 − ( 𝜌) =
[
𝑄

( 𝐼 𝐼 𝐼 ) 
𝑠 ( 𝜌)

]− 1 

4 
exp 

( 

−∫
𝜌

𝜌𝐵2 

√ 

− 𝑄
( 𝐼 𝐼 𝐼 ) 
𝑠 ( 𝜌′) 𝑑𝜌′

) 

. (15)

Stitching of wave functions Equations ( 10 ), ( 11 ), ( 13 )-( 15 ) at the
boundaries leads to 

𝐌 =

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

𝜙1 − ( 𝜌𝐵1 ) − 𝜙2 + ( 𝜌𝐵1 ) − 𝜙2 − ( 𝜌𝐵1 ) 0 

𝑑𝜙1 − 

𝑑𝜌
( 𝜌𝐵1 ) − 𝑑𝜙2 + 

𝑑𝜌
( 𝜌𝐵1 ) − 𝑑𝜙2 − 

𝑑𝜌
( 𝜌𝐵1 ) 0 

0 𝜙2 + ( 𝜌𝐵2 ) 𝜙2 − ( 𝜌𝐵2 ) − 𝜙3 − ( 𝜌𝐵2 ) 

0 
𝑑𝜙2 + 

𝑑𝜌
( 𝜌𝐵2 ) 

𝑑𝜙2 − 

𝑑𝜌
( 𝜌𝐵2 ) − 𝑑𝜙3 − 

𝑑𝜌
( 𝜌𝐵2 ) 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
. (16)

5.2 Sample Fabrication 

The laser microcavity is 3D-printed in dye-doped resin, using two-
photon polymerization with commercial Nanoscribe lithography
GT system. IP-G is used as the Nanoscribe resist and is doped
with Pyrromethene 597 (0.5 % wt) to incorporate gain. Laser
printing begins within the glass substrate to securely anchor the
microcavity. A dozen of BH microlasers are fabricated on the
same glass slide with very good reproducibility. SEM image of a
9 of 12
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chwarzschild BH microlaser is shown in Figure 1d , Figure 4a,e,i
nd Figure 5a . The waist of the structure has a diameter 𝐷𝑊 

= 44.5
 1 𝜇m . The diameters of the left (relative to the z-axis defined in
igure 4a ) and right circular edges are 𝐷𝐿 = 49 ± 1 𝜇m and 𝐷𝑅 =
0 ± 1 𝜇m , respectively. 

.3 Experimental Setup 

he experimental apparatus includes a reflective spatial light
hase modulator (SLM) (HES 6001 from Holoeye, pixel size 8.0
m ), which serves as a secondary display for the computer and
an receive a grayscale image of the desired shape as needed.
o selectively pump specific areas of the laser microcavity, a
ATLAB-generated rectangular grayscale image with a uniform
alue of 255 is sent to the SLM. The pump laser (Ekspla PL2230
ith 𝜆 = 532 nm, maximum output energy of 28 mJ, pulse
uration of 20 ps, repetition rate of 10 Hz) reflects this grayscale
mage from the SLM. Furthermore, the SLM rotates the pump
aser’s polarization by 90 degrees in regions where the grayscale
alue is non-zero. A polarizer positioned after the SLM is opti-
ized to achieve the corresponding amplitude modulation. The
ump polarization is aligned with the cavity axis of rotation (z-
xis). The setup also includes two sCMOS cameras, one attached
o a zoom lens, the other to a fixed-stage microscope (Zeiss
xioExaminer A1) for imaging the curved-surface cavity from
oth the side and the top. The shaped pump beam is directed
pward, allowing top imaging under the microscope to ensure
recise alignment of the pump strip perpendicular to the laser
icrocavity’s axis and to monitor mode profile as it is moved
long the structure. Lasing emission is collected by a microscope
bjective (20 × from Thorlabs) connected to a high-resolution
maging spectrometer (iHR550 from Horiba, 2400 mm 

− 1 density
rating, spectral resolution of 20 pm and Synapse camera) via a
ultimode fiber. 

.4 Data Analysis 

he Lomb–Scargle routine of Matlab, plomb.m, has been used,
hich yields a Fourier-like power spectrum, but with a better
ccuracy in the peak positions and a better signal-to-noise ratio
han usual discrete Fourier transform algorithms. 

he Lucy–Richardson deconvolution is a widely used algorithm
or image deblurring. The routine deconvlucy.m from Matlab has
een used here to improve the resolution of the mode profile,
eyond the width of the pump stripe. 
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nd theoretical analysis. A.S., M.L. and N.B.K. developed the experi-
ental setup, conducted the experiments and performed data analysis.
.X. and A.S. drafted the initial manuscript. C.L. and D.D. fabricated the
tructures. L.Z., L.W., O.B. actively participated in the discussions and
rovided valuable insights. All authors reviewed and approved the final
anuscript. 
0 of 12
Acknowledgements 

Chenni Xu and Aswathy Sundaresan contributed equally to this work.
This work was done within the C2N micro nanotechnologies platforms.
We appreciate precious discussions with Stefan Bittner in Université de
Lorraine, Barbara Dietz in Korea University of Science and Technology,
Hugo Girin, Xavier Checoury, Joseph Zyss in Université Paris-Saclay,
Guillaume Bossard in Ecole Polytechnique, Mordechai(Moti) Segev in
Technion, Azriel Z. Genack in City University of New York, Jiaoqing
Wang, Sophia Purow in Bar-Ilan University. We also thank Eitan Tsuk
in Bar-Ilan University for instruction on using the simulation toolboxes
of black holes. C. X. acknowledges the Excellence Fellowship for interna-
tional postdoctoral researchers funded by Israel Academy of Sciences and
Humanities and the Council for Higher Education of Israel. The Bar Ilan
group acknowledge the precious help of its lab manager, Leonid Wolfson.
The French RENATECH network is managed by the CNRS. This work
was supported by The Israel Science Foundation grants 1871/15, 2074/15,
2630/20, 1698/22 and 3777/25; the United States–Israel Binational Science
Foundation NSF/BSF Grant 2015694 and 2020245, and the BSF Grant
2022158. This work was partly supported by the French RENATECH
network (managed by the CNRS) and the General Council of Essonne,
France. 

Conflicts of Interest 

The authors declare no conflicts of interest. 

Data Availability Statement 

The data that support the findings of this study are available from the
corresponding author upon reasonable request. 

References 

1 . B. P. Abbott,R. Abbott, T. D. Abbott, et al., “Observation of Gravitational
Waves From a Binary Black Hole Merger,” Physical Review Letters 116
(2016): 061102, https://doi.org/10.1103/PhysRevLett.116.061102 . 

2 . R. Abbott, T. D. Abbott, F. Acernese, et al., “GWTC-3: Compact Binary
Coalescences Observed by LIGO and Virgo During the Second Part of the
Third Observing Run,” Physical Review X 13 (2023): 041039, https://doi.
org/10.1103/PhysRevX.13.041039 . 

3 . R. Abbott, H. Abe, F. Acernese, et al., “Tests of General Relativity With
GWTC-3,”Physical Review D 112 (2021), https://doi.org/10.1103/PhysRevD.
112.084080 . 

4 . C. D. Capano, M. Cabero, J. Westerweck, et al., “Multimode Quasinor-
mal Spectrum From a Perturbed Black Hole,” Physical Review Letters 131
(2023): 221402. 

5 . E. Berti, V. Cardoso, and A. O. Starinets, “Quasinormal Modes of
Black Holes and Black Branes,”Classical and Quantum Gravity 26 (2009):
163001. 

6 . M. Guo, Z. Zhong, J. Wang, and S. Gao, “Light Rings and Long-Lived
Modes in Quasiblack Hole Spacetimes,” Physical Review D 105 (2022):
024049. 

7 . H. Yang, D. A. Nichols, F. Zhang, A. Zimmerman, Z. Zhang, and
Y. Chen, “Quasinormal-Mode Spectrum of Kerr Black Holes and Its
Geometric Interpretation,” Physical Review D 86 (2012): 104006. 

8 . B. F. Schutz and C. M. Will, “Black Hole Normal Modes - A
Semianalytic Approach,” Astrophysical Journal Letters 291 (1985): L33. 

9 . The Event Horizon Telescope Collaboration, K. Akiyama, A.
Alberdi, et al., “First M87 Event Horizon Telescope Results. I. The
Shadow of the Supermassive Black Hole,” Astrophysical Journal Letters
875 (2019): L1, https://doi.org/10.3847/2041-8213/ab0ec7 . 

10 . W. G. Unruh, “Experimental Black-Hole Evaporation?,” Physical
Review Letters 46 (1981): 1351. 

11 . C. Barceló, S. Liberati, and M. Visser, “Analogue Gravity,” Living
Reviews in Relativity 14 (2011): 3. 
Advanced Science, 2026

tive C
om

m
ons L

icense

https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevX.13.041039
https://doi.org/10.1103/PhysRevD.112.084080
https://doi.org/10.3847/2041-8213/ab0ec7


1  

S
N

1  

T

1  

U  

1

1  

M  

(

1  

P  

m
1

1  

L  

(

1  

b  

1  

S  

C

2
e

2  

i

2  

S

2
P

2  

P
P

2  

M

2  

t

2  

o
P

2  

A  

2

2  

D

3  

F
1

3  

i

3  

“  

(

3  

t  

2

3  

T  

2

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A

 21983844, 2026, 28, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/advs.202517466 by C

ochrane France, W
iley O

nline L
ibrary on [28/05/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable
2 . T. Torres, S. Patrick, A. Coutant, M. Richartz, E. W. Tedford, and
. Weinfurtner, “Rotational Superradiant Scattering in a Vortex Flow,”
ature Physics 13 (2017): 833. 

3 . J. Steinhauer, “Observation of Thermal Hawking Radiation and Its
emperature in an Analogue Black Hole,” Nature 569 (2019): 688. 

4 . J. Hu, L. Feng, Z. Zhang, and C. Chin, “Quantum simulation of
nruh radiation,” Nature Physics 15 (2019): 785–789, https://doi.org/10.
038/s41567- 019- 0537-1 . 

5 . T. Torres, S. Patrick, M. Richartz, and S. Weinfurtner, “Quasinormal
odes in Analogue Black Hole Experiment,” Physical Review Letters 125
2020): 011301, https://doi.org/10.1038/s41467-022-30603-1 . 

6 . J. Steinhauer, M. Abuzarli, T. Aladjidi, et al., “Analogue Cosmological
article Creation in an Ultracold Quantum Fluid of Ligh,” Nature Com-
unications 13 (2022): 2890, https://doi.org/10.1038/s41467-022-30603- 

 . 

7 . T. G. Philbin, C. Kuklewicz, S. Robertson, S. Hill, F. König, and U.
eonhardt, “Fiber-Optical Analogue of the Event Horizon,” Science 319
2008): 1367. 

8 . C. Sheng, H. Liu, Y. Wang, S. N. Zhu, and D. A. Genov, “Trapping Light
y Mimicking Gravitational Lensing,”Nature Photonics 7 (2013): 902–906.

9 . C. Sheng, R. Bekenstein, H. Liu, S. Zhu, and M. Segev, “Wavefront
haping Through Emulated Curved Space in Waveguide Settings,”Nature
ommunications 7 (2016): 10747. 

0 . Q. Ba, Y. Zhou, J. Li, et al., “Conformal Optical Black Hole for Cavity,”
Light 2 (2022): 19. 

1 . D. A. Genov, S. Zhang, and X. Zhang, “Mimicking Celestial Mechanics
n Metamaterials,” Nature Physics 5 (2009): 687–692. 

2 . S. Batz and U. Peschel, “Linear and Nonlinear Optics in Curved
pace,” Physical Review A 78 (2008): 043821. 

3 . V. H. Schultheiss, S. Batz, A. Szameit, et al., “Optics in Curved Space,”
hysical Review Letters 105 (2010): 143901. 

4 . R. Bekenstein, J. Nemirovsky, I. Kaminer, and M. Segev, “Shape-
reserving Accelerating Electromagnetic Wave Packets in Curved Space,”
hysical Review X 4 (2014): 011038. 

5 . V. H. Schultheiss, S. Batz, and U. Peschel, “Hanbury Brown and Twiss
easurements in Curved Space,” Nature Photonics 10 (2016): 106–110. 

6 . R. Bekenstein, et al., “Contr ol of Light by Curved Space in Nanopho-
onic Structures,” Nature Photonics 11 (2017): 664–670. 

7 . C. Xu, A. Abbas, L.-G. Wang, S.-Y. Zhu, and M. S. Zubairy, “Wolf Effect
f Partially Coherent Light Fields in Two-Dimensional Curved Space,”
hysical Review A 97 (2018): 063827. 

8 . A. Patsyk, M. A. Bandres, R. Bekenstein, and M. Segev, “Observation of
ccelerating Wave Packets in Curved Space,” Physical Review X 12 (2018):
35–243. 

9 . C. Xu and L.-G. Wang, “Theory of Light Propagation in Arbitrary Two-
imensional Curved Space,” Photonics Research 9 (2021): 2486–2493. 

0 . W. Ding, Z. Wang, and C. Yang, “Refocusing of the Optical Branched
low on a Rough Curved Surface,” Photonics Research 11 (2023): 1992–
999. 

1 . J. Zhang, C. Xu, P. Sebbah, and L.-G. Wang, “Diffraction Limit of Light
n Curved Space,” Photonics Research 12 (2024): 235–243. 

2 . F. S. Azevedo, J. D. M. de Lima, A. de Pádua Santos, and F. Moraes,
Optical Wormhole From Hollow Disclinations,” Physical Review A 103
2021): 023516. 

3 . C. Xu, L.-G. Wang, and P. Sebbah, “Ray Engineering From Chaos
o Order in 2D Optical Cavities,” Laser & Photonics Reviews 17 (2023):
200724, https://doi.org/10.1002/lpor.202200724 . 

4 . Y. Song, Y. Monceaux, and S. Bittner, “Möbius Strip Microlasers: A
estbed for Non-Euclidean Photonics,” Physical Review Letters 127 (2021):
03901. 
dvanced Science, 2026

 C
35 . R. C. T. da Costa, “Quantum Mechanics of a Constrained Particle,”
Physical Review A 23 (1981): 1982. 

36 . M. Pöllinger, D. O’Shea, F. Warken, and A. Rauschenbeutel,
“Ultrahigh- Q Tunable Whispering- Gallery-Mode Microresonator,” Phys-
ical Review Letters 103 (2009): 053901. 

37 . A. Masiello, “Fermat Metrics,” Symmetry 13 (2021): 1422. 

38 . E. Caponio, M. Á. Javaloyes, and A. Masiello, “On the Energy Func-
tional on Finsler Manifolds and Applications to Stationary Spacetimes,”
Mathematical Annals 351 (2011): 365. 

39 . V. Perlick, “Gravitational Lensing From a Spacetime Perspective,”
Living Reviews in Relativity 7 (2004): 9. 

40 . T. Frankel, Gravitational Curvature: An Introduction to Einstein’s
Theory , 1st ed. (Freeman, 1979). 

41 . N. Straumann, General Relativity and Relativistic Astrophysics , 1st ed.
(Springer Berlin, 1988). 

42 . Other shapes of the upper boundary can be further explored. For
example, a non-parallel upper boundary can mitigate the lasing in WGMs.

43 . The event horizon of Schwarzschild BH is located at 𝜌 = 𝑟𝑠 , which is
an artificial singularity of equation (2) and thus not accessible. Inside the
event horizon, the velocity required to escape the BH exceeds the speed
of light, and therefore is out of our consideration. In this work, we take
the lower boundary at 𝜌 = 1 . 125 𝑟𝑠 , as 2D surfaces of revolution cannot be
constructed at 𝜌 ∈ [ 𝑟𝑠 , 1 . 125 𝑟𝑠 ] (see Supplementary Information Section
II for the method of constructing curved surfaces from a given metric). 
44 . M. Maggiore, Gravitational Waves: Astrophysics and Cosmology ,
Chapter 12 (Oxford University Press, 2018). 
45 . C. M. Bender and S. A. Orszag, Advanced Mathematical Methods for
Scientists and Engineers: Asymptotic Methods and Perturbation Theory ,
1999th edition (Springer, October 29, 1999). 
46 . A. K. Ghatak, R. L. Gallawa, and I. C. Goyal, “Modified Airy Function
and WKB Solutions to the Wave Equation,”National Institute of Standards
and Technology (January 1, 1991). 
47 . R. Lang, M. O. Scully, and W. E. Lamb Jr, “Why Is the Laser Line
So Narrow? A Theory of Single–Quasimode Laser Operation,” Physical
Review A 7 (1973): 1788. 
48 . In practice, two other WGM families are identified numerically, which
are located at the inner boundary. Because of the absence of perfectly
matched layer in the Center, Q factors of these modes are not accurate.
Thus these modes are not shown. For more details, see Supp. Info. Figure
S2. 
49 . R. A. Konoplya, “The Sound of the Event Horizon,” International
Journal of Modern Physics 32 (2023): 2342014. 

50 . C. Xu, I. Dana, L. G. Wang, and P. Sebbah, “Light Chaotic Dynamics
in the Transformation From Curved to Flat Surfaces,” Proceedings of the
National Academy of Sciences of the United States of America 119 (2022):
e2112052119. 
51 . T. Christopoulos, O. Tsilipakos, G. Sinatkas, and E. E. Kriezis, “On the
Calculation of the Quality Factor in Contemporary Photonic Resonant
Structures,” Optics Express 27 (2019): 14505–14522. 
52 . Indeed, absorption from PML results in the non-vanishing width
Δ𝜔 of spectral peaks. This Information was not accessible through
the theoretical method, as details about the modes of the truncated
Schwarzschild surface could Not be bxtracted Solely From the Modes of
the Universe. 
53 . N. Bachelard, S. Gigan, X. Noblin, and P. Sebbah, “Adaptive Pumping
for Spectral Control of Random Lasers,”Nature Physics 10 (2014): 426–431.

54 . J. L. Jaramillo, R. P. Macedo, and L. A. Sheikh, “Pseudospectrum and
Black Hole Quasinormal Mode Instability,” Physical Review X 11 (2021):
031003. 

55 . J. L. Jaramillo, R. P. Macedo, and L. A. Sheikh, “Gravitational Wave
Signatures of Black Hole Quasinormal Mode Instability,” Physical Review
Letters 128 (2022): 211102. 
11 of 12

reative C
om

m
ons L

icense

https://doi.org/10.1038/s41567-019-0537-1
https://doi.org/10.1038/s41467-022-30603-1
https://doi.org/10.1038/s41467-022-30603-1
https://doi.org/10.1002/lpor.202200724


5  

(
5  

O
5  

m  

(

5  

M  

(

6  

“
P

6  

G

6  

A

6  

S

6  

B

6  

R

6  

P  

G

6  

P  

R

S

A  

I
S

1

 21983844, 2026, 28, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/advs.202517466 by C

ochrane France, W
iley O

nline L
ibrary on [28/05/2026]. See the T

erm
s and C

onditions 
6 . E. Berti, “Instability in Black Hole Vibrational Spectra,” Physics 14
2021): 91. 
7 . R. Cotesta, G. Carullo, E. Berti, and V. Cardoso, “Analysis of Ringdown
vertones in GW150914,” Physical Review Letters 129 (2022): 111102. 
8 . C. D. Capano, M. Cabero, J. Westerweck, et al., “Multimode Quasinor-
al Spectrum From a Perturbed Black Hole,” Physical Review Letters 131
2023): 221402. 

9 . K. Destounis and F. Duque, “Black-Hole Spectroscopy: Quasinormal
odes, Ringdown Stability and the Pseudospectrum,” arXiv: 2308.16227
2023). 

0 . V. Cardoso, A. S. Miranda, E. Berti, H. Witek, and V. T. Zanchin,
Geodesic Stability, Lyapunov Exponents, and Quasinormal Modes,”
hysical Review D 79 (2009): 064016. 

1 . M. Mukhanov and S. Winitzki, Introduction to Quantum Effects in
ravity (Cambridge University Press, 2007). 

2 . V. Cardoso and P. Pani, “Testing the Nature of Dark Compact Objects:
 Status Report,” Living Reviews in Relativity 22 (2019): 4. 

3 . H. Nakano and K. Ioka, “Second Order Quasi-Normal Mode of the
chwarzschild Black Hole,” Physical Review D 76 (2007): 084007. 

4 . M. H. Y. Cheung, V. Baibhav, E. Berti, et al., “Nonlinear Effects in
lack Hole Ringdown,” Physical Review Letters 130 (2023): 081401. 

5 . K. Mitman, M. Lagos, L. C. Stein, et al., “Nonlinearities in Black Hole
ingdowns,” Physical Review Letters 130 (2023): 081402. 

6 . R. J. Gleiser, C. O. Nicasio, R. H. Price, and J. Pullin, “Second Order
erturbations of a Schwarzschild Black Hole,” Classical and Quantum
ravity 13 (1996): L117–L124. 

7 . N. Loutrel, J. L. Ripley, E. Giorgi, and F. Pretorius, “Second Order
erturbations of Kerr Black Holes: Reconstruction of the Metric,” Physical
eview D 103 (2021): 104017. 

upporting Information 

dditional supporting information can be found online in the Supporting
nformation section. 
upporting File: advs74652-sup-0001-SuppMat.pdf. 
2 of 12 Advanced Science, 2026

(https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense


	Photon-Sphere Modes in Curved Optical Microcavities: A Black-Hole Analogue Laser
	1 | Introduction
	2 | Theoretical Predictions
	2.1 | The Photon Sphere and Its Stability
	2.2 | The Wave Equation in the Schwarzschild Surface
	2.3 | Existence of Photon Sphere Modes
	2.4 | Numerical Simulations of Quasi-Normal Modes

	3 | Experimental Demonstration
	3.1 | Experimental Evidence of Photon Sphere Modes
	3.2 | Photon Sphere Mode Profile Measurement

	4 | Conclusion
	5 | Methods
	5.1 | Derivation of Coefficient Matrix M
	5.2 | Sample Fabrication
	5.3 | Experimental Setup
	5.4 | Data Analysis

	Author Contributions
	Acknowledgements
	Conflicts of Interest
	Data Availability Statement
	References
	Supporting Information


